Abstract. We present an alternative constructive proof of the Brauer-Witt theorem using the so-called strongly monomial characters that gives rise to an algorithm for computing the Wedderburn decomposition of semisimple group algebras of finite groups.
Introduction
The Wedderburn decomposition of a semisimple group algebra kG of a finite group G over a field k, that is, the decomposition of kG as a direct sum of simple algebras, is a helpful tool for studying several problems. For example, a good description of the Wedderburn decomposition of kG is useful for describing the automorphism group of kG [Her97] , or for studying the unit group of the integral group ring ZG if k = Q [Jes-Lea], [Jes-Río] , [Río-Rui] , [Rit-Seh] , [Seh] . It also has applications in coding theory if k is a field of characteristic p > 0 [Ple-Huf] .
Recently in [Jes-Lea-Paq] a character-free method was given to compute the Wedderburn decomposition of QG for nilpotent groups, and this method was extended and simplified in ] to groups including the abelian-by-supersolvable groups. The approach in allowed the implementation of the package wedderga [Bro-Kon-Oli-Olt-Río] for the computer system GAP [GAP] .
In this paper we present an algorithmic method to compute the Wedderburn decomposition of kG for G an arbitrary finite group and k an arbitrary field of characteristic 0 using the Brauer-Witt theorem. This algorithm also has been implemented for the computer system GAP, enlarging the functionality of the package wedderga, and it is based on a constructive approach of the Brauer-Witt theorem using strongly monomial characters (see section 2 for the definition).
The Brauer-Witt theorem ensures that each simple component of kG is similar to a cyclotomic algebra over its center. As far as we know, the precise description of this cyclotomic algebra is not obvious from the proofs of the Brauer-Witt theorem available in the literature (see e.g. [Yam] ). The proof of the Brauer-Witt theorem presented in [Yam] relies on the existence, for each prime integer p, of a p-elementary subgroup of G that determines the p-part of a given simple component up to similarity in the corresponding Brauer group. We present a slightly different approach of the proof of the Brauer-Witt theorem in which instead of using p-elementary subgroups we use strongly monomial characters or strongly monomial subgroups that allow a good description of the simple algebras. Moreover, using this approach, the number of subgroups to look for is larger, and eventually one could obtain a description of a simple component more easily or even a description in which it is not necessary to consider each prime separately as has to be done in general.
The Brauer-Witt theorem is also a standard theoretical method for computing the Schur index of a character in the above situation. See [Shi] , [Her96] and [Her03] for an approach that studies this aspect of the theorem, i.e., the computation of the Schur index of the simple components.
In section 2 we establish the basic notation and we collect several results from . In section 3 we present the algorithmic proof of the Brauer-Witt theorem in four steps and we finish with a sketch of the algorithm. Finally, in section 4 we show how the algorithm works in a couple of examples. This paper has been written under the supervision ofÁngel del Río who posed the problem and provided many useful suggestions.
Monomial and strongly monomial characters
The simple components in the Wedderburn decomposition of kG are parameterized by the complex irreducible characters of the group G. The simple component corresponding to the irreducible character χ is the unique simple ideal I of kG such that χ(I) = 0. Following [Yam] , we denote this simple component by A(χ, k). The centre of A(χ, k) is k = k(χ), the field of character values of χ over k. The simple algebra A(χ, k) represents an element of the Schur subgroup of the Brauer group of k. If F is a field extension of k, then A(χ, F ) = F (χ) ⊗ k A(χ, k), and therefore the cyclotomic structure up to similarity of A(χ, k) determines the cyclotomic structure of A(χ, F ). Hence, we are interested in considering k as small as possible, for instance Q.
The results of this section are mostly from and play an important role in our proof of the Brauer-Witt theorem. We begin by establishing some notation. Throughout G is a finite group, H a subgroup of G, R a ring, F ≤ L a field extension, χ an ordinary irreducible character of G, n an integer and p a prime number. Also, we use the following notation: H(F ) quaternion algebra
where M(H/K) denotes the set of all minimal normal subgroups of
A Shoda pair of G is a pair (H, K) of subgroups of G with the properties that K ¢H and there is ψ ∈ Lin(H, K) such that the induced character ψ G is irreducible. Using an old theorem of Shoda Corollary 45.4 ] that gives a criterion for irreducibility of monomial characters, we know that a pair of subgroups of G is a Shoda pair if and only if
It is easy to see that if
. In other words, the sum of the different characters induced by the elements of Lin(H, K) is an irreducible rational character of G and A (G, H, K) is the simple component of QG associated to this character.
A strong Shoda pair of G is a Shoda pair (
An irreducible monomial character (respectively strongly monomial character) χ of G is a character of the form χ = ψ G for ψ ∈ Lin(H, K) and some Shoda (respectively strong Shoda) pair (H, K) of G, or equivalently A(χ, Q) = A (G, H, K) for some Shoda (respectively strong Shoda) pair (H, K) of G. Then we say that A(G, H, K) is a monomial (respectively strongly monomial) component of QG.
A finite group G is monomial if every irreducible character of G is monomial, and it is strongly monomial if every irreducible character of G is strongly monomial. It is well known that every abelian-by-supersolvable group is monomial, and recently it was proved that it is even strongly monomial. In it is shown that every monomial group of order less than 500 is strongly monomial. We recently found that all monomial groups of order smaller than 1000 are strongly monomial and the smallest monomial non-strongly-monomial group is a group of order 1000, the 86-th one in the library of the GAP system. However, there are irreducible monomial characters that are not strongly monomial in smaller groups. The group of the smallest order with such irreducible monomial non-strongly-monomial characters is presented in Example 10.
If (H, K) is a strong Shoda pair of a group G, then one can give a description of the structure of the simple component A(G, H, K) as a matrix algebra over a crossed product of an abelian group by a cyclotomic field with action and twisting that can be described with easy arithmetic using information from the group G.
is the crossed product of the group N/H with coefficients in the field Q(ξ m ) with action σ and twisting τ given as follows: if hK is a generator of H/K and n, n ∈ N , then
The algorithmic proof of the Brauer-Witt theorem
The Brauer-Witt theorem states that the simple component A(χ, k) corresponding to the irreducible character χ of the group G over the field k is a simple algebra similar to a cyclotomic algebra over its center k = k(χ), that is, a crossed product algebra (k(ξ)/k, τ), where ξ is a root of 1 and all the values of the cocycle τ are roots of unity in k(ξ).
In this section we present a proof of the Brauer-Witt theorem that gives a method to explicitly construct the above cyclotomic algebra. Our proof is divided into four steps that one could name as: constructible description for the strongly monomial case, reduction of the general case to the strongly monomial case, existence of strongly monomial characters, and change of field. The first step deals with the strongly monomial case, that is, the constructible description of the simple component associated to a strongly monomial character. The reduction step consists of describing the p-part of A(χ, k) as the p-part of the algebra A(θ, k) associated to a strongly monomial character θ of a subgroup of G. Then we are faced with the problem of showing that the appropriate strongly monomial character θ for every prime p does exist. One of the conditions on θ in the reduction step is that k(θ) = k, and it is not always true that such a character with this condition exists. However, there does exist a character
2 for the definition). The proof of the existence of the desired strongly monomial character is presented in the third step. So we have gone up to each L p to describe the p-part, and now we have to return to the initial field k. The way back is the change of field part which is made through the corestriction map.
3.1. The strongly monomial case. The following proposition provides the constructible Brauer-Witt theorem for strongly monomial characters. It gives a precise description of the simple algebra associated to a strongly monomial character as an algebra similar to a cyclotomic algebra. In this particular case, one obtains the description of the strongly monomial simple component at once, without the need to follow the next steps as has to be done in the general case.
and τ is the restriction to Gal(k(ξ m )/k) of the cocycle τ associated to the natural extension
, where the action σ is induced by the natural conjugation map f : N → Aut(H/K) Gal(Q(ξ m )/Q) and the twisting is the cocycle τ given by the exact sequence (1).
) and the isomorphism holds because
Remark 2. Notice that the description in (2) can be given by the numerical information of a 4-tuple:
where n, d and m are as in Proposition 1 and the tuples of integers (α i ) 1≤i≤l , (β i ) 1≤i≤l , (γ ij ) 1≤i<j≤l satisfy the relations:
where A is the algebra defined by the following presentation:
Reduction to strongly monomial characters. Let the finite group G have exponent n and let k be a field of characteristic 0. For every irreducible character χ of G and every prime p, the p -splitting field of the simple component
is a power of p and [L p : k] is relatively prime to p. That is, the field L p is the field corresponding to the Sylow p-subgroup of Gal(k(ξ n )/k) by the Galois correspondence.
Let D be a division algebra central over k with index m that has the following factorization into prime powers m = p 
where each θ j is an irreducible character in a group M j which is strongly monomial.
Since b is not a multiple of p, there is j such that if
Proposition 5 proves that, for each prime p, there exists a strongly monomial character θ of a subgroup M of G that takes values in L p and (χ M , θ) is coprime to p. Hence, from Theorem 3 it follows that A(χ, L p ) is similar to A(θ, L p ), because the index of A(χ, L p ) is a power of p.
Observe that it was proved that the subgroup M in Proposition 5 can be taken to be strongly monomial. Moreover, using the Witt-Berman theorem, one can prove that M could be taken to be p-elementary. However, for practical reasons, it is better not to impose M to be p-elementary or even strongly monomial, because the role of M , or better say θ, is to use the presentation of A(θ, L p ) as a cyclotomic algebra given in Proposition 1 to describe the p-part of A(χ, L p ), which is similar to A(θ, L p ) by Theorem 3. So, not imposing conditions on M but on θ, a strongly monomial character in a possibly non-strongly-monomial group, the list of possible θ's is larger and it is easier to find the desired strongly monomial character. The proof of Proposition 5 does not provide a constructive way to find the character θ, but this is clearly a finite computable searching problem. One only needs to compute L p , an easy Galois theory problem, and then run on the strongly monomial characters θ of the subgroups M of G computing (χ M , θ) and k(θ) until the character satisfying the hypothesis of Proposition 5 is found. The search of the strongly monomial characters of a given group can be performed using the algorithm explained in [Oli-Río].
3.4. Back to the initial field. In this last step we complete the proof of the Brauer-Witt theorem. Moreover, using an explicit formula for the corestriction Cor L p →k on 2-cocycles, where L p is the p -splitting field of A(χ, k), and the description of the simple components A(χ, L p ) as algebras similar to precise cyclotomic algebras, we obtain a good description of the simple algebra A(χ, k).
The proof of the Brauer-Witt theorem in standard references such as [Yam] does not pay much attention to effective computations of the corestriction Cor L p →k . Instead, we are interested in explicit computations of the cyclotomic form of an element of the Schur subgroup. After decomposing the simple algebra A(χ, k) into p-parts and describing every simple p-part as similar over L p to a cyclotomic algebra [(k(ξ)/L p , τ)], the corestriction permits returning to the initial field k. Hence, for every prime p, we have Cor
. A formula for the action of the corestriction on 2-cocycles is given in [Wei, . This formula takes an easy form in our situation, because we only need to apply Cor L p →k to a 2-cocycle τ that takes values in a cyclotomic extension
We can formulate the following proposition.
Proposition 6. Let F/k be a finite Galois extension and k
Proof. By [Spi, Theorem 22.17 
is an isomorphism; hence G H × H . Then, using H as a transversal of H in G, the formula from [Wei, for the corestriction in the particular case of the 2-cocycle τ ∈ H 2 (H, F * ) takes the following form, where π : G → H denotes the projection:
Theorem 7. (Brauer-Witt) If G is a finite group of exponent n, χ is an irreducible character of G, k is a field of characteristic 0 and k = k(χ), then the simple component A(χ, k) is similar to a cyclotomic algebra over k.
Proof. Let p be an arbitrary prime. Using the restriction homomorphism, we obtain
. Let a be an integer such that am ≡ 1(mod p α ). Then, using the relation between the restriction and the corestriction given by
Because p is arbitrary and the tensor product of cyclotomic algebras over k is similar to a cyclotomic algebra, we conclude that the class [A(χ, k) ] is represented by a cyclotomic algebra over k.
Notice that in the proof of Theorem 7 we mentioned that the tensor product of cyclotomic algebras over k is similar to a cyclotomic algebra. The proof of this claim is also constructible, because by inflating two cyclotomic algebras say
] to a common cyclotomic extension, for example k(ξ n ) for n the least common multiple of n 1 and n 2 , one may assume that n 1 = n 2 and hence
The constructive algorithm of the cyclotomic structure of a simple component A(χ, k) of kG given by the proof of the Brauer-Witt theorem is given below. Algorithm 1. Input: An irreducible character χ of the finite group G and k a field of characteristic 0.
(1) Compute k = k(χ), the field of character values of the character χ over k.
the existence is guaranteed by Proposition 5). (c) Compute the cyclotomic algebra
(Proposition 6) is a cyclotomic algebra in Br(k) and we have [(k(ξ n 
(ii) Some of the primes in {p 1 , . . . , p r } can be covered by a common strongly monomial character. For example, if χ is a strongly monomial character, then all the primes are covered at once by this character. See also Remark 9 below.
We finish this section with the algorithm for the computation the Wedderburn decomposition of a group algebra kG. Algorithm 2. Input: The finite group G and a field k of characteristic zero.
(1) Compute Irr(G), the set of ordinary irreducible characters of G and n the exponent of G. (2) Take a set of representatives E of the k-equivalent classes of Irr(G). Two
(3) For every χ ∈ E do (a) Apply Algorithm 1 to compute a simple algebra A χ similar to A(χ, k). Output: The Wedderburn decomposition kG χ∈E B χ . Remark 9. A more efficient algorithm from the implementation point of view is the one implemented in the wedderga package [Bro-Kon-Oli-Olt-Río] that, instead of considering every irreducible character and then searching for some strongly monomial characters of subgroups that give the reduction step, searches for strong Shoda pairs of subgroups that verify the conditions from step (3)(b) of Algorithm 1 running on descending order and analyzes their contribution in step (3)(c) of Algorithm 1 for the different characters and primes. Some of the strong Shoda pairs of subgroups contribute to more than one character or more than one prime.
Examples
In this section we present a couple of examples that illustrate the performance of Algorithms 1 and 2. Some of the computations have been done using the package wedderga [Bro-Kon-Oli-Olt-Río] for the computer system GAP (The GAP Group, Version 4.4; [GAP] . The previous version of the package was useful to compute the Wedderburn decomposition of rational group algebras and semisimple finite group algebras of strongly monomial groups. The new version, in preparation, allows one to compute the Wedderburn decomposition of the group algebra of any finite group over any field of characteristic 0 that can be supported by the GAP system. Example 10. The smallest group with a monomial non-strongly-monomial irreducible character is the group given by the following presentation:
The group G is the 28-th group of order 48 in the library of small groups of the GAP system. ]. The interpretation of these five 4-tuples using Remark 2 gives rise to five simple components Q, Q, M 3 (Q), M 3 (Q) and M 2 (Q) corresponding to five strongly monomial characters of the group G. As can be seen from the warning message of the wedderga package, these are not all the simple components of QG, because the group is not strongly monomial. Moreover, the group G is not monomial, having the first five characters χ 1 , χ 2 , χ 3 , χ 4 , χ 5 (of the character table given below) strongly monomial, the character χ 6 monomial but not strongly monomial and the last two characters χ 7 , χ 8 not monomial. In order to compute the simple components given by the last three characters we apply Algorithm 1 to χ 6 , χ 7 and χ 8 .
The exponent of G is n = 24 = 2 3 · 3; hence φ(n) = 8 = 2 3 , where φ is the Euler function and Q(ξ n ) = Q(ξ 24 ). The field of character values of χ 6 is k = Q and of χ 7 and χ 8 is k = Q( √ 2). The degrees of the characters χ 6 , χ 7 and χ 8 are 4, 2 and 2 respectively; hence the only prime to be considered in all three cases is p = 2 and the 2 -splitting field L 2 is Q for χ 6 and Q( √ 2) for χ 7 and χ 8 . Notice that in all these cases it is not necessary to use the corestriction in order to return to the initial field because the 2 -splitting fields coincide with k.
The character χ 6 is monomial, induced by the linear character ψ ∈ Lin(H, K), (H, K) ), but the G-conjugates of ε(H, K) are not orthogonal, so (H, K) is not a strong Shoda pair.
The output of the function WedderburnDecompositionInfo(QG) shows that G does not have any strongly monomial character of degree 4 and, in particular, χ 6 is not strongly monomial. This can be seen also as follows. However, (H 2 = a, b 2 , K 2 = 1) is a strong Shoda pair of the subgroup M 2 = a, b of G and this gives rise to a strongly monomial character θ 2 of M 2 whose field of character values is Q and (χ 6 | M 2 , θ 2 ) = 1 ≡ 0(mod 2). Hence θ 2 satisfies the conditions required in order to apply Theorem 3. The numerical information associated to this strong Shoda pair of M 2 is [ 1, 6, [ [ 2, 5, 3 ] 
The center of the algebra is Q(ξ 6 + ξ −1 6 ) = Q and setting i = −1+2ξ 6 , one obtains the generalized quaternion algebra
. We conclude that the simple component A(χ 6 , Q) is similar to the algebra
in Br(Q). The degree of the algebra A(χ 6 , Q) is 4, given by the degree of the character χ 6 ; hence A(χ 6 , Q) M 2 −1,−3 Q . Now we compute the simple algebras given by the characters χ 7 and χ 8 . Note that these characters are in the same orbit of the action of the automorphism group of the complex field; hence we only have to compute the simple algebra corresponding to one of these characters, for instance A(χ 7 , Q). In this case the appropriate 2-elementary subgroup of G is M 2 = b, x, y and a strong Shoda pair in M 2 is (H 2 = bx , K 2 = 1), which gives rise to the strongly monomial character θ 2 of M 2 , that has the field of character values Q( √ 2), so the condition
, θ 2 ) = 1 ≡ 0(mod 2); hence θ 2 satisfies the required conditions in order to apply Theorem 3. Now the numerical information is [ 1, 8, [ [ 2, 7, 4 ] Example 11. The following example presents the description of the simple component of a group algebra QG corresponding to an irreducible character of G for which two primes are involved. Consider the group
where x, y Q 8 is the quaternion group of order 8, b is the cyclic group of order 7, a is the cyclic group of order 3 and the action of a on x, y × b is given by x a = y, y a = xy and b a = b 2 . The group G has an irreducible character χ given by the following table, which contains in the first row a representative of each conjugacy class of G: ). The character χ is a monomial character induced by the linear character ψ ∈ Lin(H, K) given by ψ(x) = ξ 4 and ψ(b) = ξ 7 , where (H = x, b , K = 1) is a Shoda pair in G. However, (H, K) is not a strong Shoda pair, because H is not normal in G = N G (K) and in fact χ is not strongly monomial.
The field of character values of ψ is Q(ψ) = Q(ξ 4·7 ) and the field of character values of the induced character χ is k = Q(ψ G ) = Q(α) = Q( √ −7). The exponent of the group G is n = 84 = 3 · 4 · 7, and the degree of the extension [Q(ξ n ) : Q] is given by φ(n) = 24 = 2 3 · 3. Then the prime divisors of the degree of the extension [Q(ξ n ) : k] are 2 and 3. The degree of the character χ is 6; hence in order to describe A(χ, Q) it is enough to describe its 2-part and 3-part.
Following the proof of the Brauer-Witt theorem, we look for characters in strongly monomial subgroups of G for the primes 2 and 3. If there exists such a character θ on a subgroup M such that (χ, θ G ) is coprime with 6 and Q(θ) ⊆ k, then by Proposition 3, [A(χ, Q)] = [A(θ, Q)]. However, a computer search has shown that such a θ and M do not exist. The unique strongly monomial character θ of a subgroup M such that the product (χ, θ G ) is coprime to 6 can be obtained with M = x, b , but then the character field of θ is Q(ξ 28 ), which is not included in k = Q( √ −7). Therefore, one has to deal with both primes separately. First we study the 2-part [A(χ, k)] 2 . The 2 -splitting field is L 2 = Q(ξ 7 ), the appropriate strongly monomial subgroup of G is M 2 = x, y × b and a strong Shoda pair in M 2 is (H 2 = x, b , K 2 = 1), which gives rise to the strongly monomial information on the Wedderburn decomposition. This example shows how one can use this information. Let G be the mentioned group. Then the output of Algorithm 2 applied to QG provides the following numerical information for one of the simple factors of QG: [ 3/4, 40, [ [ 4, 17, 20 ] Denote A = M 3/4 (B). The center of the algebra B is Q( √ 2) and the algebras Q(ξ 8 )(h|ξ
